In this work, the general nonrelativistic classical statistical theory presented in an earlier paper (J. Mod. Phys. 8, 786 (2017)) is applied in detail to the Euler angle and center-of-mass coordinates of an extended rigid body with arbitrary distributions of mass and electric charge. Results include the following: 1) The statistical theory spin angular momentum operators are independent of the body's morphology; 2) These operators obey the usual quantum commutation rules in a non-rotating center-of-mass (CM) reference frame, but left-handed rules in a rotating body-fixed CM frame; 3) Physical boundary conditions on the Euler angle wavefunctions restrict all mixed spin wavefunctions to a superposition of half-odd-integer spin eigenstates only, or integer spin eigenstates only; 4) Spin s eigenfunctions are also Hamiltonian eigenfuctions only if at least two of the body's principal moments of inertia are equal; 5) For a spin s body with nonzero charge density in a magnetic field, the theory automatically yields 2 1 s + coupled wave equations, valid for any gyromagnetic ratio; and 6) For spin 1/2 the two coupled equations become a Pauli-Schrödinger equation, with the Pauli matrices appearing automatically in the interaction Hamiltonian.
Introduction
In an earlier paper [1] , hereafter referred to as [ Hamiltonian for a rigid charged rotator of arbitrary morphology in an electromagnetic field, as well as consequences for a rotator having cylindrical but not spherical symmetry. This appendix also provides a new derivation of the fact that the Euler angle spin angular momentum operators are independent of the structure of the model rotator, whereby any object in a nonrelativistic rigid rotator spin eigenmode must have either odd-half-integer or integer spin.
Classical Nonrelativistic Rotator

Euler Angles and Angular Velocity
Some of what follows in this section is treated in textbooks and/or in [I] , but we present it here for clarity and to establish notation. We use a conventional choice of Euler angle coordinates, the "zyz" set [14] used in several textbooks on mathematical methods of physics, e.g., Arfken [15] . We designate these 
where here µ is a dummy variable. Thus, the complete rotation is specified by the matrix ( ) ( ) ( ) ( ) The angular velocity 3-vector can be found from the relations defining rigidly rotating Cartesian coordinates,
where ω is the instantaneous angular velocity, and × here indicates the cross-product. The Cartesian components î 
Note that Equation (4) implies ( ) ( )( )
Classical Nonrelativistic Rotator Dynamics
As mentioned above, we first consider a very simple model rotator, a rigid extended spherically symmetric object having only the attributes of an electric charge distribution with total charge q which may be nonzero or zero, a mass distribution with mass 0 
where ( )
,t J x is the electric current density. For a spherically symmetric translating and rigidly rotating model,
where x′ ′ = x , and the electric charge density is
. Combining these equations and noting that ( )
The nonrelativistic kinetic spin angular momentum is
where ( ) m mf x′ is the mass density, so that
, and the moment of inertia I is given by ( )
where the dimensionless parameter g is defined by ( ) ( )
and the magnetogyric ratio g  is defined by
. g gq mc
We provided the detailed derivation above not only for clarity but also to emphasize that the intrinsic magnetic moment of a spherically symmetric rigidly rotating charged body is proportional to the kinetic spin angular momentum K S , not to the spin angular momentum S to be defined below that is canonically conjugate to the Euler angles. This point has been emphasized by several authors [6] [11] [12] .
The original Pauli-Schrödinger treatment and the Dirac equation yield 2 g = for a bare electron. For nonrelativistic spherical rotators with q m f f = , i.e. with charge density proportional to mass density, Equation (12) clearly yields 1 g = .
It may be interesting that a circular disk geometry with charge uniformly distributed around the circumference and mass uniformly distributed in the disk yields exactly 2 g = . This result can be derived easily from the analogs of Equation (12) 
, the appropriate approximation for the interaction Lagrangian is obtained by a Taylor expansion of the external fields about the CM and use of Equation (7) for J . The resulting expression for L that is valid through dipole moment interactions is
where 
, L I Ig = ∂ ∂ = + S B  ω ω (16) where P  is the translational momentum conjugate to the CM velocity V  , and S is the intrinsic (spin) angular momentum about the CM, conjugate to ω .
Then the Hamiltonian is given as usual by
Equations (14)- (16) 
This Hamiltonian is clearly equal to the sum of the kinetic and potential energies. It is conserved if neither of the potentials A and ϕ depend explicitly on the time. Note that the effective interaction Hamiltonian involving the spin is the cross-term in the second term, g − ⋅ B S  , which is generally misinterpreted as − ⋅B µ . This form of the classical Hamiltonian for a system of one extended spherically symmetric rotating charged particle in electromagnetic fields was presented e.g. by Young [6] , but has not been included in standard textbooks, despite the fact that once the angular velocity is expressed in terms of a set of At this point we should note that the treatment above also accomodates rigidly rotating objects that possess a magnetic moment and nonzero charge density but zero total electric charge. For such objects, one may put 0 q = in the Hamiltonian (17) , and simply choose a nonzero value of g and a nonzero reference value such as q e = in the definition of g  , Equation (13) . Now, using Equation (4), we express the rotational kinetic energy rot T in terms of the Euler angles:
These expressions immediately reveal the covariant metric which must be the case. Also, it is straightforward to show from Equations (20) and (21) that the affine connections d bc Γ , which are defined by the relation
are not symmetric under interchange of their lower indices. Therefore, the Euler angle space is a space with torsion, and the affine connections are not equal to the corresponding Christoffel symbols, as they are in a torsion-free space. However, the connections may all be evaluated using Equation (22) and Equations (20) and (21) and their inverses. We will need only one of the connections in this paper, which we derive below. (A feature of Euler angle metric 3-spaces that is interesting in its own right is that the Riemann-Christoffel curvature tensor, given by
a bc b ac ae bc be ac R = ∂ Γ − ∂ Γ + Γ Γ − Γ Γ , is zero, so the space is a flat space with torsion.) Note that our use of the coordinate basis vectors and the definition of the affine connection given above correspond to the usages in [I] and in the textbooks by Lichnerowicz [16] and Hartle [17] .
The 3 . We may show fairly easily from Equations (5) and (21) that
Also, from Equation (23) Writing out rot T yields
The magnetic interaction term in the Lagrangian is then (14) may be expressed as
The momenta conjugate to the angles are
These momenta have the dimension of angular momentum. Contraction with 
; ,
where the ( ) 
, where rot L is given by Equation (27), one easily obtains the rotational part of Equation (17),
. Altogether, the classical Lagrangian and Journal of Modern Physics coordinates are given by
where we have used the non-rotating frame components
since the latter are presumed known and may be constants, as mentioned above.
The classical motion equations are derived from Equations (30) and (31) directly. After some algebra, the Euler-Lagrange (EL) equations applied to Equation (30) yield the following 3-vector classical motion equations for translation and rotation:
.
In these equations, ∇ is the usual 3-vector operator given by
last term in Equation (32) is the expected force ∇ ⋅ B µ on a magnetic dipole moment in any (nonuniform) magnetic field, time-dependent or not. The second term in Equation (33) is the expected torque × B µ
, while the last term is another torque that is omitted from most textbook presentations. As emphasized by Young [6] , that torque must present in order to predict conservation of the total kinetic energy 
where ijk  is the Levi-Civita completely antisymmetric three-index symbol.
This identity was not trivial to prove. (The author could not find a simple general derivation, and resorted to brute force, calculating and verifying the identity for each symbol, starting from Equation (5) 
Spin Operators and Statistical Wave Equation
Wave Equation for Arbitrary Spin
The relevant statistical wave equation for any nonrelativistic system having six coordinates is the six-dimensional version of the general statistical wave Equation (24) of [I] , with the unknown constant Γ replaced by  : 
and the 6-space gradient operator is given by
where b b α ∂ =∂ ∂ . The Hamiltonian operator in terms of u and W is given by Equation (26) of [I] . However, as shown above, for the model system considered here the classical Hamiltonian may be written as Equation (17) or Equation (31).
One need only note that the rotational part of the 6D gradient operator in Equation (37) ∂ e , so that in Equation (31) the conjugate classical momenta must be replaced by the momentum operators ; ,
Making these substitutions in Equation (31) yields 
where, from Equations (29) and (38), 1 1 .
Earlier, we showed that despite the torsional character of the Euler angle 3-space, Equation (24) .
Using this equation, and Equation (5) 
The operators ( ) , , , Before proceeding, we should discuss briefly why the spin eigenfunctions, which have the general form given by Equation (47), are themselves not required to be single-valued in angle intervals ( ) 0, 2π , in contrast to eigenfunctions like exp imφ involving the spherical polar or cylindrical coordinate azimuthal angle φ . This question has been discussed often; a thoughtful treatment was given by Merzbacher [20] . We paraphrase his answers as follows: The angle φ helps about an axis" cannot be continuously deformed into the operation "no rotation There is another consideration pertinent to the discussion just above, as follows. One may always make the change of variables ( ) Furthermore, the eigenfunctions of Equation (47) 
Wave Equation for Spin 1/2
We examine the solutions of Equation (51) for a given spin angular momentum. 
Here, op S ± are given by Equation (48), and 
which happen to be the Pauli spin matrices, and also defines the column matrix
and applies Equation (58), then one immediately obtains the matrix equation operator. Also, we remark again that exactly the same Equations (58) and (61) result if we use the spin eigenfunctions for 1 2
It is also noteworthy that the "magic" factorization Sakurai [21] ), the nonrelativistic analog of the Dirac factorization, allows only 2 g = and also does not provide the terms ( )
is correct for the electron without radiative corrections, and since that factor arises from the factorization of the translational Hamiltonian, perhaps the electron spin actually originates from translational zitterbewegung induced by the SZPF, as has been proposed [8] [10] . After all, as implied by the discussion to follow and the material in the appendix, it is not really clear how to distinguish spin from orbital angular momentum in models of rotating rigid bodies.
Summary and Discussion
Summary
This work concerned a system of one rigid object having a mass distribution with nonzero total mass, an electric charge distribution, and intrinsic or "spin" angular momentum and associated magnetic moment, which for nonrelativistic motions requires a six-dimensional metric space for three CM coordinates and three Euler angle coordinates. In Section 2 we followed the development by R.
Young [6] and showed that the magnetic field appears in the classical nonrelativistic Hamiltonian as a gauge field associated with the space-fixed frame Cartesian components of the spin angular momentum conjugate to the Euler angles. In Section 3, we applied the new general rules derived in Section 2 of [I] to obtain the six-dimensional CST Schrödinger equation using the classical Hamiltonian. We provided a new proof that the non-rotating CM frame Cartesian components of the canonical spin angular momentum become operators that are linear combinations of derivatives with respect to the Euler angles and obey the conventional commutation rules for quantum angular momentum operators. We also provided a proof of a result that apparently is not mentioned in textbooks, that the co-rotating-frame Cartesian components of the spin operator obey left-handed commutation rules. Furthermore, we showed that a particle wavefunction may be a superposition of half-odd-integer or integer spin eigenstates, but not both. This correct result follows in a new way,  , regardless of its internal structure or how many subparticles it contains, etc. However, the rotational Hamiltonian and its eigenfunctions and eigenvalues do depend on the particle structure.
Discussion
One topic that seems to merit discussion is the distinction between spin and orbital angular momentum. The distinction is fuzzy at best. For example, consider the classical model of an extended object as a cloud containing many point particles; see e.g. Goldstein's textbook [14] . The total angular momentum of the cloud may always be defined with respect to an arbitrarily chosen origin of coordinates, and it may always be written ( theorem; see e.g. the paper by the author on stress-energy tensors [22] .)
Another topic that should be mentioned is the CST method for treating systems of more than one particle. As discussed in [I] in some detail, the CST and QM methods are mathematically the same. The SWE for a nonrelativistic system of several identical or different particles is the same as the SEQ for the system. The CST for nonrelativistic systems of arbitrarily many identical particles is the same mathematically as quantum many-body theory for those particles. For example, for two identical or different nonrelativistic rigid rotators, one needs three CM coordinates and three Euler angles for each rotator, so the 
Conclusions
The classical statistical theory (CST) and its statistical wave equation (SWE) developed in [I] must apply to any nonrelativistic classical Lagrangian system.
Furthermore, the SWE is in general the same as the Schrdinger equation (SEQ) for the system, and has the same sets of solutions, once an unknown constant is set equal to  . The SWE for a classical model charged rigid rotator having spherical or cylindrical symmetry or arbitrary morphology is not exactly the same as the conventional SEQ for the system; the differences occur because the conventional SEQ incorrectly omits terms from the Hamiltonian when an external magnetic field is present (see Section 3.2 above, and Appendix A).
Nevertheless, the spin operators and their eigenfunctions and eigenvalues are exactly the same for the SWE and SEQ.
On the basis of the general results in [I] and the results for the important example treated in this paper, it is tempting to conclude that the CST should replace conventional quantum mechanics, at least for nonrelativistic systems.
However, as discussed in [I], the identical solutions of the SWE/SEQ must be interpreted differently, and the equation provides only an incomplete description of the statistics of such systems, albeit one that must be obeyed. Also, after nearly a century, it should require a great deal of evidence and thought to reverse the current points of view that coordinate trajectories do not exist and quantized energies do. Thus, as stated in [I], we still feel that it is premature to reach the abovementioned conclusion. In particular, a similar CST for relativistic motions of general many-particle systems should be found before such a conclusion might be justified. 
These operators are identical to those defined by Equation (42), which means that they are independent of the structure of the rigidly rotating particle. 
This result reveals that some of the degeneracy of the spherical rigid rotator
Hamiltonian eigenvalues for a given s may be removed for an axially but not spherically symmetric object, with the energy shifts dependent on the quantum number s m associated with the body-fixed frame.
We emphasize again that the spin operators, their commutation relations, their eigenfunctions and eigenvalues, and the raising and lowering operator relations (50) and (51) are independent of the principal moments of inertia and any other model particle parameters. This result is not surprising in view of the fact that the rotation of any rigid object is described in terms of three angles that simply relate the time-dependent orientation of a rotating orthonormal triad of basis vectors relative to a nonrotating orthonormal triad. The result implies that any object must have half-odd-integer or integer spin when it is in a rigid rotation mode, regardless of how many subparticles it contains and how they are distributed, which does seem to be the case for baryons, nucleons, atoms, molecules, etc. For example, the three quarks in a nucleon are now thought to have both spin angular momentum and orbital angular momentum about the nucleon center of momentum, and the gluons may contribute to the total angular momentum as well, but all that internal structure must arrange itself so that the total spin of a nucleon in its ground state is 1/2.
Interaction with a Magnetic Field
Consider a rigidly rotating charged or uncharged extended particle of arbitrary structure. The Cartesian components of the particle's intrinsic magnetic moment in the rotating system are expressible as linear functions of the rotating system angular velocity components: 
Clearly, this interaction is a more complicated form than in the spherically symmetric case, and we cannot go further than Equation (A16) in the case of arbitrary particle structure. For illustration, consider the special case in which ik ik i Q Q δ = , so that the prinipal axis coordinate system for the charge distribution is the same as that for the mass distribution. Also, let the ratio
not summed over i, be the same for each principal axis, where 2 g gq mc =  as in Equation (13) for a particle of charge q, but is to be chosen or eveluated using appropriate integrals for an uncharged particle. Then ( ) Therefore, in this quite special but still not spherically symmetric case, the effective interaction Hamiltonian is the same as for a spherically symmetric particle, namely, . Therefore, for spin s, one still obtains 2 1 s + coupled wave equations; for 1 2 s = , these equations still yield the Pauli matrices, but the free particle part of the Hamiltonian operator is given by Equation (A10) for the case of an object having cylindrical but not spherical symmetry.
As mentioned in the text after Equation (12), a simple g-factor exists and is
